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a b s t r a c t
A graph X , with a subgroup G of the automorphism group Aut(X) of X , is said to be (G, s)-
transitive, for some s ≥ 1, ifG is transitive on s-arcs but not on (s+1)-arcs, and s-transitive if
it is (Aut(X), s)-transitive. Let X be a connected (G, s)-transitive graph, and Gv the stabilizer
of a vertex v ∈ V (X) in G. If X has valency 5 and Gv is solvable, Weiss [R.M. Weiss, An
application of p-factorization methods to symmetric graphs, Math. Proc. Camb. Phil. Soc.
85 (1979) 43–48] proved that s ≤ 3, and in this paper we prove that Gv is isomorphic to the
cyclic group Z5, the dihedral group D10 or the dihedral group D20 for s = 1, the Frobenius
group F20 or F20 × Z2 for s = 2, or F20 × Z4 for s = 3. Furthermore, it is shown that for a
connected 1-transitive Cayley graph Cay(G, S) of valency 5 on a non-abelian simple group
G, the automorphism group of Cay(G, S) is the semidirect product R(G)oAut(G, S), where
R(G) is the right regular representation of G and Aut(G, S) = {α ∈ Aut(G) | Sα = S}.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, we denote by Zn, D2n, An and Sn the cyclic group of order n, the dihedral group of order 2n, the
alternating group and the symmetric group of degree n, respectively. Let G be a permutation group on a set V and v ∈ V .
Denote by Gv the stabilizer of v in G, that is, the subgroup of G fixing the point v. We say that G is semiregular on V if Gv = 1
for every v ∈ V and regular if G is transitive and semiregular.
For a finite, simple and undirected graph X , we use V (X), E(X) and Aut(X) to denote its vertex set, edge set and full
automorphism group, respectively. For u, v ∈ V (X), uv is the edge incident to u and v in X , and N(u) is the neighborhood
of u in X , that is, the set of vertices adjacent to u in X . An s-arc in a graph is an ordered (s + 1)-tuple (v0, v1, . . . , vs−1, vs)
of vertices of the graph such that vi−1 is adjacent to vi for 1 ≤ i ≤ s and vi−1 6= vi+1 for 1 ≤ i ≤ s − 1. For a subgroup
G of the automorphism group Aut(X) of a graph X , the graph X is said to be (G, s)-arc-transitive or (G, s)-regular if G acts
transitively or regularly on the set of s-arcs of X , and (G, s)-transitive if G acts transitively on the set of s-arcs but not on the
set of (s+ 1)-arcs of X . In particular, X is said to be s-arc-transitive, s-regular or s-transitive if it is (Aut(X), s)-arc-transitive,
(Aut(X), s)-regular or (Aut(X), s)-transitive, respectively. Also, 1-arc-transitive is shortened to arc-transitive or symmetric.
From elementary group theory we know that up to isomorphism there are three non-abelian groups of order 20 defined as
D20 = 〈a, b | a10 = b2 = 1, b−1ab = a−1〉,
F20 = 〈a, b | a5 = b4 = 1, b−1ab = a2〉,
Q20 = 〈a, b | a10 = 1, b2 = a5, b−1ab = a−1〉,
(1)
of which the second is the Frobenius group of order 20.
There are several facts which motivate us to characterize the structure of vertex stabilizers of symmetric graphs
of valency 5. When dealing with symmetric and vertex-transitive graphs, the goal is to gain as much information as
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possible about structural properties of their vertex stabilizers. This is particularly true for such graphs with small valency.
For example, since the structure of vertex stabilizers for cubic symmetric graphs is known and such graphs with a
primitive group of automorphisms are known, as a consequence of Wong [39], most of the research efforts has been
put into investigation of cubic symmetric and vertex-transitive graphs with imprimitive automorphism group, where the
covering graph construction represents one of themost fruitful approaches (see [12,13,15,24]). More recently, an important
connection of cubic symmetric graphs to chirality questions in chemistry has also been exploredbyKutnar et al. [21]. Another
motivation to characterize the structure of vertex stabilizers of symmetric graphs is a question about the existence of
semiregular automorphisms in vertex-transitive (di)graphs posed by Marušič [25], and more generally, about the existence
of semiregular elements in 2-closed transitive permutation groups (see [1]). It was proved in [5,28] that vertex-transitive
graphs of valencies 3 or 4 have such automorphisms, but the question is still open for larger valencies. In this sense, of course,
not only symmetric but also other classes of vertex-transitive graphs of valency 5 are worth exploring.
Let X be a connected (G, s)-transitive graph for some s ≥ 1 and Gv the stabilizer of a vertex v ∈ V (X) in G. If X is cubic
then by Tutte [31] Gv has order dividing 48, and later Djoković and Miller [4] proved that Gv is isomorphic to Z3, S3, S3×Z2,
S4, or S4 × Z2 for s = 1, 2, 3, 4 or 5, respectively. If X has valency 4, Weiss [35] gave a description for the structure of Gv
(also see [23, Lemma 2.5]). For more results, we refer the reader to [22,27,30]. Note that if X has valency 3 or 4 then Gv is
solvable. For graphs of valency 5, Weiss [32,33] proved that |Gv| | 5 ·32 ·217 and that if Gv is solvable then |Gv| | 80, implying
s ≤ 3. In this paper it is shown that if X has valency 5 and Gv is solvable then Gv is isomorphic to the cyclic group Z5, the
dihedral group D10 or the dihedral group D20 for s = 1, the Frobenius group F20 or F20 × Z2 for s = 2, or F20 × Z4 for s = 3.
Let G be a finite group and let S be a subset of G such that 1 6∈ S and S = S−1 is inverse closed. The Cayley graph
X = Cay(G, S) on G with respect to S is defined as the graph with vertex set V (X) = G and edge set E(X) = {gh | g, h ∈
G, gh−1 ∈ S}. A Cayley graph Cay(G, S) is connected if and only if G = 〈S〉, that is, S generates G. It is well known that
Aut(Cay(G, S)) contains the right regular representation R(G) of G, the acting group of G by right multiplication, which is
regular on vertex set V (X). Thus Cayley graphs are vertex-transitive. Also, we note that the group Aut(G, S) = {α ∈ Aut(G) |
Sα = S} is a subgroup of Aut(Cay(G, S))1, the stabilizer of the vertex 1 in Aut(Cay(G, S)). A Cayley graph Cay(G, S) is said to
be normal if R(G) is normal in Aut(Cay(G, S)). Note that the property of being a normal Cayley graph is not invariant under
graph isomorphism, and so strictly depends upon which group the graph is a Cayley graph on. Let NAut(Cay(G,S))(R(G)) be the
normalizer of R(G) in Aut(Cay(G, S)). By Godsil [16], NAut(Cay(G,S))(R(G)) = R(G) o Aut(G, S). Thus, a Cayley graph Cay(G, S)
is normal if and only if its automorphism group is the semidirect product R(G) o Aut(G, S).
It is well known that every transitive permutation group of prime degree p is either 2-transitive or solvablewith a regular
normal Sylow p-subgroup (for example, see [3, Corollary 3.5B]). This implies that a Cayley graph of prime order is normal if
the graph is neither the empty graph nor the complete graph. Du et al. [8] and Dobson et al. [7] determined the normality of
Cayley graphs on groups of order twice a prime and prime square, respectively. Wang et al. [37] obtained all disconnected
normal Cayley graphs. Let Cay(G, S) be a connected cubic Cayley graph on a non-abelian simple groupG. Praeger [29] proved
that if NAut(Cay(G,S))(R(G)) is transitive on edges then Cay(G, S) is normal, and Fang et al. [10] proved that the vast majority of
connected cubic Cayley graphs on non-abelian simple groups are normal. Recently,Wang and Xu [38] determined normality
of 1-regular tetravalent Cayley graphs on dihedral groups and Feng and Xu [14] proved that every connected tetravalent
Cayley graph on a regular p-group is normal when p 6= 2, 5.
In this paper, we prove that all connected 1-transitive Cayley graphs of valency 5 on a finite non-abelian simple group
are normal. For more results on normality of Cayley graphs, we refer the reader to [11,17–19,40].
2. Preliminaries
In this section, we introduce some preliminary results, of which the first has achieved a sort of folklore status.
Proposition 2.1 ([36, Proposition 4.4]). Every transitive abelian group G on a set V is regular and the centralizer CSV (G) of G in
the symmetric group SV is G.
For a subgroup H of a group G, denote by CG(H) the centralizer of H in G and by NG(H) the normalizer of H in G. Then
CG(H) is normal in NG(H).
Proposition 2.2 ([20, Chapter I, Theorem 4.5]). The quotient group NG(H)/CG(H) is isomorphic to a subgroup of the
automorphism group Aut(H) of H.
A list of all proper primitive permutation groups of degree less than 1000was given by Dixon andMortimer [3, Appendix
B]. From the list one may find all simple primitive permutation groups of degree 10 or 20.
Proposition 2.3. Let G be a simple primitive permutation group of degree n. Then
(1) For n = 10, if G is not 2-transitive then G ∼= A5 and if G is 2-transitive then either G ∼= A6 ∼= PSL(2, 9) or G ∼= A10.
(2) For n = 20, G is 2-transitive and either G ∼= PSL(2, 19) or G ∼= A20.
In view of the proof of [33, Theorem], we have the following proposition.
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Proposition 2.4. Let X be a connected (G, s)-transitive graph of prime valency p for a subgroup G ≤ Aut(X), where s ≥ 1 and
p ≥ 5. If the stabilizer Gv of a vertex v ∈ V (X) in G is solvable then the order of Gv is a divisor of p(p− 1)2 and s ≤ 3.
Let X = Cay(G, S) be a Cayley graph on a group G with respect to S. Set A = Aut(X) and Aut(G, S) = {α ∈ Aut(G) | Sα
= S}.
Proposition 2.5 ([40, Proposition 1.5]). The Cayley graph X = Cay(G, S) is normal if and only if A1 = Aut(G, S), where A1 is
the stabilizer of the vertex 1 ∈ V (X) = G in A.
A permutation group G on a set V is said to be quasiprimitive if each of its nontrivial normal subgroups is transitive on V .
For a group G, the socle of G is the product of all minimal normal subgroups of G, denoted by soc(G), and G is called almost
simple if soc(G) is a non-abelian simple group. For a graph X and N ≤ Aut(X), the quotient graph XN of X relative to N is
defined as the graph whose vertex set is the set of orbits of N in V (X) and two orbits are adjacent if there is an edge in X
between these two orbits. The following proposition gives a general description for the automorphism group of a connected
Cayley graph on a finite non-abelian simple group.
Proposition 2.6 ([9, Theorem 1.1]). Let G be a finite non-abelian simple group and X = Cay(G, S) a connected Cayley graph on
G. Let M be a subgroup of Aut(X) containing G o Aut(G, S). Then either M = G o Aut(G, S) or one of the following holds.
(1) M is almost simple, and soc(M) contains G as a proper subgroup and is transitive on V (X);
(2) G o Inn(G) ≤ M = (G o Aut(G, S)) · 2 and S is a self-inverse union of G-conjugacy classes;
(3) M is not quasiprimitive and there is a maximal intransitive normal subgroup K of M such that one of the following holds:
(a) M/K is almost simple, soc(M/K) contains GK/K ∼= G and is transitive on V (XK );
(b) M/K = AGL3(2), G = PSL(2, 7) and XK ∼= K8;
(c) soc(M/K) ∼= T × T , and GK/K ∼= G is a diagonal subgroup of soc(M/K), where T and G are given in Table 1 in [9].
As the above proposition, the right regular representation R(G) of a group G is identified with G itself in the remainder of
the paper. The proof of the next lemma is straightforward and is left to the reader.
Lemma 2.7. Let X be a connected symmetric graph. Let uv ∈ E(X) and A = Aut(X). Assume that M ≤ Au is transitive on N(u)
and that N ≤ Av is transitive on N(v). Then 〈M,N〉 ≤ A is transitive on the edge set E(X).
3. Examples
To support the main result in the next section, we introduce in this section some examples of (G, s)-transitive graphs of
valency 5 with solvable vertex stabilizers. The first example was first mentioned by Marušič in [25] and the 1-regularity of
the graphs can be deduced from [2, Table 1].
Example 3.1. Let p be a prime with p ≡ 1(mod 5) and p 6= 11. Define a graph G(2p, 5) with vertex set Zp ∪ Z′p where
Zp = {0, 1, . . . , p− 1} is a cyclic group of order pwritten additively and Z′p = {0′, 1′, . . . , (p− 1)′} is another copy of cyclic
group of order p, and with edge set {xy′ | x − y ∈ H(p, 5)}, where H(p, 5) is the subgroup of order 5 in the multiplicative
group Z∗p of Zp. Then the graph G(2p, 5) is a connected 1-regular graph, and the stabilizer of a vertex in its automorphism
group is isomorphic to Z5.
By [41, Corollary 5.2], we have the following example.
Example 3.2. Let A5 be the alternating group of degree 5. Then the Cayley graph Cay(A5, {(14)(25), (13)(25), (13)(24),
(24)(35), (14)(35)}) is a connected 1-transitive graph of valency 5, and the stabilizer of a vertex in its automorphism group
is isomorphic to D10.
Let G be a finite group, H a subgroup of G and D = D−1 a union of several double-cosets of the form HgH with g 6∈ H . The
Sabidussi coset graph X = Cos(G,H,D) of Gwith respect to H and D is defined to have vertex set V (X) = [G : H], the set of
the right cosets of H in G, and edge set E(X) = {{Hg,Hdg} | g ∈ G, d ∈ D}. Then X is well defined and has valency |D|/|H|.
Furthermore, X is connected if and only if D generates G. Note that G acts on V (X) by right multiplication and so one can
view G/HG as a subgroup of Aut(X), where HG is the largest normal subgroup of G contained in H . One may show that G acts
transitively on the arcs of X if and only if D = HgH for some g ∈ G \ H .
Example 3.3. Let G = PSL(2, 11). The group G has a maximal subgroup isomorphic to D20, say H (see [20, Chapter II,
Theorem8.27]). Let P1 and P be a Sylow2-subgroup of, respectively,H andG such that P1 ≤ P . Then P ∼= D8 and P1 ∼= Z2×Z2.
Take an involution a in P \ P1 and set X = Cos(G,H,HaH). Then X is a connected (G, 1)-transitive graph of valency 5 and
the stabilizer of the vertex H ∈ V (X) in G is H ∼= D20.
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Proof. Clearly, a 6∈ H . The maximality of H in G implies that 〈H, a〉 = G and so X is connected. Since a has order 2,
HaH = (HaH)−1 and since H is not normal in G, we have Ha 6= H . Thus, |Ha ∩ H| = 4 because Pa1 = P1 ≤ H ∩ Ha. It
follows that |HaH|/|H| = |H|/|H ∩ Ha| = 5, that is, X has valency 5. The simplicity of G implies that HG = 1 and hence
G ≤ Aut(X). Thus, the stabilizer of the vertex H in G is H ∼= D20, implying G is transitive on the arcs of X . It is easy to see, by
Theorem 4.1, that X is (G, 1)-transitive. 
The next example was first discovered by Du et al. in [6] as part of a larger family of graphs which were then extensively
studied by Marušič in [26].
Example 3.4. Let D24 = 〈a, b | a12 = b2 = (ab)2 = 1〉 be the dihedral group of order 24. Then the Cayley graph
Cay(D24, {b, a2b, a7b, a10b, a11b}) is a 2-arc-transitive graph of valency 5, and the stabilizer of a vertex in its automorphism
group is isomorphic to F20.
Example 3.5. Let X = K5,5 be the complete bipartite graph of order 10 with bipartition sets {1, 2, 3, 4, 5} and
{1′, 2′, 3′, 4′, 5′}. Let α = (1 2 3 4 5), β = (2 3 5 4)(2′ 3′ 5′ 4′), γ = (2 3 5 4) and δ = (1 1′)(2 2′)(3 3′)(4 4′)(5 5′).
Set G = 〈α, γ , δ〉 and H = 〈α, β, γ 2, δ〉. Then the stabilizers G1 and H1 of the vertex 1 in G and H are isomorphic to F20×Z4
and F20 × Z2, respectively, and X is (G, 3)-transitive and (H, 2)-transitive.
Proof. Set α′ = αδ and γ ′ = γ δ . Note that 〈α, γ 〉 ∼= 〈α′, γ ′〉 ∼= 〈α′, β〉 ∼= F20. It is easy to see that G = 〈α, γ , δ〉 =
(〈α, γ 〉 × 〈α′, γ ′〉) o 〈δ〉 ∼= (F20 × F20) × Z2 and G1 = 〈α′, γ ′, γ 〉 ∼= F20 × Z4. Noting that γ ′2 ∈ 〈β, γ 2〉, we have
H = 〈α, β, γ 2, δ〉 = (〈α, α′〉 o 〈β, γ 2, γ ′2〉) o 〈δ〉 ∼= (Z25 o (Z4 × Z2)) o Z2 and H1 = 〈α′, β, γ 2〉 ∼= F20 × Z2. It is easy to
see, by Theorem 4.1, that X is (G, 3)-transitive and (H, 2)-transitive. 
4. Solvable stabilizers
For a connected (G, s)-transitive graph X of valency 5, we shall determine the structure of the stabilizer Gv of v ∈ V (X)
in Gwhen Gv is solvable. The main result of this section is the following theorem.
Theorem 4.1. Let X be a connected (G, s)-transitive graph of valency 5 for some s ≥ 1. If the stabilizer Gv of a vertex v ∈ V (X)
in G is solvable then s ≤ 3. Furthermore,
(1) If s = 1 then Gv is isomorphic to Z5, D10 or D20;
(2) If s = 2 then Gv is isomorphic to F20 or F20 × Z2;
(3) If s = 3 then Gv is isomorphic to F20 × Z4.
Proof. Assume that Gv is solvable. By Proposition 2.4, |Gv| ≤ 5 · 42, implying s ≤ 3. For u, v ∈ V (X), denote by Guv the
subgroup of Gu fixing the vertex v and by G∗u the subgroup of Gu fixing the neighborhood N(u) of u in X pointwise. Since
|N(v)| = 5 is prime and Gv is solvable, one may see that the constituent GN(v)v of Gv on N(v) has a regular normal Sylow
5-subgroup, say P . Then P ∼= Z5. Since P is abelian and regular on N(v), by Proposition 2.1, the centralizer of P in GN(v)v is P .
Since Aut(P) ∼= Z4, by Proposition 2.2 we have GN(v)v = P o Zt where t = 1, 2 or 4, which is a subgroup of the Frobenius
group F20 on N(v). It follows that Gv/G∗v ∼= Z5 o Zt because Gv/G∗v ∼= GN(v)v .
By Proposition 2.4, |Gv| is a divisor of 80. Thus, G∗v is a 2-group with order dividing 16. Let w ∈ N(v). Then G∗v ≤ Gw .
Suppose |G∗v| = 16. Then G∗v is a normal Sylow 2-subgroup of Gv and hence G∗w is also a normal Sylow 2-subgroup of Gw
because Gv ∼= Gw . It follows that G∗v = G∗w E 〈Gv,Gw〉 and by Lemma 2.7, 〈Gv,Gw〉 is transitive on E(X), which implies that
G∗v fixes every edge of X because G∗v fixes the edge vw. This forces G∗v = 1, a contradiction. Thus, |G∗v| is a divisor of 8. Set
D = G∗v ∩ G∗w .
Let P be a Sylow 5-subgroup of Gv . Then PG∗v/G∗v is a Sylow 5-subgroup of Gv/G∗v . It follows that PG∗v/G∗v E Gv/G∗v ∼= GN(v)v ,
and thus, PG∗v E Gv . Since |G∗v| is a divisor of 8, Sylow theorem implies that P E PG∗v , and hence PG∗v = P × G∗v . Furthermore,
P is characteristic in PG∗v and since PG∗v E Gv , one has P E Gv . Let Q be a Sylow 5-subgroup of Gw . Since Gv and Gw are
conjugate, we have Q E Gw and QG∗w = Q × G∗w . It follows that 〈P,Q 〉 centralizes D. By Lemma 2.7, 〈P,Q 〉 is transitive on
E(X), and since D fixes the edge vw, it fixes every edge in X . This forces D = 1.
Clearly, G∗v and G∗w are normal subgroups of Gvw . Since D = 1, we have G∗vG∗w = G∗v×G∗w and G∗w ∼= G∗vG∗w/G∗v ≤ Gvw/G∗v .
Z4 because Gv/G∗v ∼= Z5 o Zt for t = 1, 2 or 4. It follows that G∗v ∼= G∗w ∼= Zm form = 1, 2 or 4.
Case I. G∗v = 1.
In this case, Gv = Gv/G∗v is a subgroup of the Frobenius group F20 on N(v) and so Gv ∼= Z5, D10 or F20. In the first two
cases, X is (G, 1)-transitive, and in the last case, X is (G, 2)-transitive.
Case II. G∗v ∼= Z2.
In this case,G∗w×G∗v ∼= Z2×Z2 is a subgroup ofGv , implying thatGv/G∗v is of even order. Assume that X is (G, 1)-transitive.
Then Gv/G∗v ∼= Z5 o Z2 is a dihedral group of order 10 on N(v). Thus, Gv is a non-abelian group of order 20 whose Sylow
2-subgroups are isomorphic to Z2 × Z2. By checking the groups in Eq. (1), we have Gv ∼= D20.
Now assume that X is (G, s)-transitive for s = 2 or 3. Then Gv/G∗v ∼= Z5 o Z4 ∼= F20. Since G∗v ∼= Z2 is a normal subgroup
of order 2 in Gv , by Proposition 2.2 it follows that G∗v is in the center of Gv and so in the center of Gvw . Since Gvw/G∗v ∼= Z4,
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one may see that Gvw is abelian and there is a ∈ Gvw such that Gvw/G∗v = 〈aG∗v〉. Since G∗w × G∗v ∼= Z2 × Z2 is a subgroup
of Gvw , one has that Gvw is not cyclic. Thus, a has order 4 and Gvw = 〈a〉 × G∗v . Recall that P is a normal Sylow 5-subgroup
of Gv . The normality of G∗v in Gv implies that PG∗v = P × G∗v . Thus, Gv = PGvw = P(〈a〉 × G∗v) = (P〈a〉)× G∗v . It follows that
P〈a〉 ∼= Gv/G∗v ∼= F20 and so Gv ∼= F20 × Z2. Since |Gv| = 40 < 5× 4× 4, one may see that X is (G, 2)-transitive.
Case III. G∗v ∼= Z4.
In this case, G∗vG∗w = G∗v×G∗w ∼= Z4×Z4 is a Sylow 2-subgroup of Gv . Thus, Gvw = G∗v×G∗w and Gv = PGvw = P(G∗v×G∗w).
Since G∗vP = G∗v × P , it follows that G∗v is in the center of Gv , and hence Gv = PG∗w × G∗v . It follows that PG∗w ∼= Gv/G∗v is the
Frobenius group F20 of order 20 and Gv = PG∗w × G∗v ∼= F20× Z4. Since Gv/G∗v ∼= F20, it follows that G acts transitively on the
2-arcs of X , and hence Gvw = G∗v × G∗w is transitive on N(w) \ {v}.
Take x ∈ N(v) \ {w} and u ∈ N(w) \ {v}. Then (x, v, w, u) is a 3-arc of X . For any given 3-arc (x′, v′, w′, u′), the 2-arc-
transitivity ofG implies that there exists g ∈ G such that (x′, v′, w′)g = (x, v, w). Thus,u′g ∈ N(w)\{v}. SinceGvw = G∗v×G∗w
is transitive on N(w) \ {v}, one may assume that there is h ∈ Gvw such that (u′g)h = u. Let Gvw = G∗v × G∗w = 〈a〉 × 〈b〉 and
h = aibj, where G∗v = 〈a〉 and G∗w = 〈b〉. Since ai ∈ G∗v and bj ∈ G∗w , one has (u′)gai = (u′g)hb−j = ub−j = u, (x′)gai = xai = x,
(v′)gai = vai = v, (w′)gai = wai = w. Thus, (x′, v′, w′, u′)gai = (x, v, w, u), implying that X is (G, 3)-transitive. 
Let X be a connected (G, 1)-transitive graph of valency 5. Since 5 is a prime, by Burnside Theorem, GN(v)v (defined in the
proof of Theorem 4.1) is solvable or 2-transitive on N(v), and hence solvable because X is not 2-arc-transitive. On the other
hand, G∗v is a {2, 3}-group, and thus solvable by Burnside paqb-theorem. It follows that Gv is solvable because Gv/G∗v ∼= GN(v)v .
By Theorem 4.1, we have the following corollary.
Corollary 4.2. Let X be a connected 1-transitive graph of valency 5. Let A = Aut(X) and v ∈ V (X). Then Av ∼= Z5, D10 or D20.
Remark. In the proof of Theorem 4.1, one of the main steps is to show that G∗v ∩ G∗w = 1 with an elementary group theory,
which can also be obtained from Weiss [34, Theorem]. Let X be a connected (G, s)-transitive graph. If Gv is nonsolvable,
Weiss [32] proved that |Gv| is a divisor of 5 · 32 · 217 and one may try to characterize structure of Gv in this case.
5. 1-transitive Cayley graphs on simple groups of valency 5
As mentioned in Section 1, by [3, Corollary 3.5B], every transitive permutation group of prime degree p, is either 2-
transitive or solvable with a regular normal Sylow p-subgroup. Since every abelian simple group is cyclic of prime order,
1-transitive Cayley graphs on abelian simple groups are normal. In this section, using Corollary 4.2, we show that every
connected 1-transitive Cayley graphof valency 5 on a finite non-abelian simple group is normal. Firstweprove three lemmas.
Lemma 5.1. Let a finite group A contain a non-abelian simple group G with |A : G| ≤ 5. Then G C A.
Proof. Let O be the set of right cosets of G in A. Then |O| ≤ 5. Consider the transitive action of A on O by right multiplication.
Then the kernel of the action is GA, the largest normal subgroup of A contained in G. Since G is simple, GA = 1 or G. Suppose
GA = 1. Then A acts faithfully on O and so it can be viewed as a permutation group on O. Thus, A ≤ Sn where n = |O|. If
n ≤ 4 then Sn is solvable, contrary to the hypothesis that A contains a non-abelian simple group. If n = 5 then G = A5 and
A5 ≤ A ≤ S5, which implies that |A : G| = |O| ≤ 2, a contradiction. Thus, GA = G and so G C A, as required. 
Lemma 5.2. (1) Let N ∼= A9 be a subgroup of A10. Then N has no complement in A10.
(2) Let A and G be two finite non-abelian simple groups with G ≤ A and |A : G| = n. If n = 10 or 20 then A ∼= An and G ∼= An−1.
Proof. For (1), consider the transitive action of A10 on the set V of right cosets of N in A10 by right multiplication. Since
A10 is simple, the action is faithful and one may view A10 as a permutation group on V . Since |V | = 10, A10 consists of all
even permutations on V . Suppose on the contrary that N has a complement in A10, say K . Then, A10 = NK and N ∩ K = 1.
Under the action of A10 on V , the stabilizer of N in A10 is N and transitivity of A10 on V implies that K is transitive on V . Since
|K | = |A10 : N| = 10, K is regular on V . Clearly, K is abelian or dihedral, and one may easily show that A10 contains an odd
permutation which has order 10 if K is abelian and order 2 if K is dihedral, a contradiction.
For (2), consider the transitive action ofA on the setO of right cosets ofG inAby rightmultiplication. Assumen = |O| = 10
or 20. The action of A on O is faithful and view A as a transitive permutation group on O.
Suppose that A is imprimitive on O. Let ∆1 be a nontrivial block of A on O with maximal length, that is, no nontrivial
block of A contains ∆1 as proper subset. Then there is a maximal imprimitive complete block system of A on O, say
∆ = {∆1,∆2, . . . ,∆m}, which contains the block ∆1. It follows that 1 < m < |O| and m | |O|. Since |O| = 10 or 20,
one hasm = 2, 4, 5, or 10. The maximality of∆ implies that the induced action of A on∆ is primitive and since A is simple,
the induced action is faithful, which implies that A ≤ Am. Ifm ≤ 5 then G is solvable because G < A ≤ Am, a contradiction.
Thus,m = 10 and n = 20. If A is not 2-transitive on∆ then A ∼= A5 by Proposition 2.3(1). Again, G is solvable because G < A,
a contradiction. Thus, A is 2-transitive on ∆ and by Proposition 2.3(1), A ∼= A6 or A10. For the former, |G| = |A|/20 = 18
because n = 20, and so G is solvable, a contradiction. For the latter, take a subgroup K such that G < K ≤ A. If G < K < A
then |A : K | = 10 and |K : G| = 2 because A ∼= A10 has no subgroup of index less than 10. Since all subgroups of A10 of
index 10 are conjugate in A10, we have K ∼= A9. However, |K : G| = 2 implies that K ∼= A9 has a normal subgroup of index 2,
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a contradiction. Thus, K = A and hence G is a maximal subgroup of A. This means that A is primitive on O, contrary to the
hypothesis.
So farwehave shown thatA is primitive onO. Remember that |O| = 10 or 20. Let |O| = 10. IfA is not 2-transitive onO then
A ∼= A5 by Proposition 2.3(1), which implies that G is solvable because G < A, a contradiction. Thus, A is 2-transitive on O. By
Proposition 2.3(1), A ∼= A6 or A10. If A ∼= A6 then |G| = |A|/10 = 36, forcing that G is solvable, a contradiction. Thus, A ∼= A10.
Since G is the subgroup of A fixing the coset G in O, one has G ∼= A9, as required. Let |A : G| = 20. By Proposition 2.3(2),
A ∼= PSL(2, 19) or A20. If A ∼= PSL(2, 19) then |G| = |A|/20 = 171, implying that G is solvable, a contradiction. Thus, A ∼= A20
and G ∼= A19 because G is the subgroup of A fixing the coset G in O. This completes the proof. 
Lemma 5.3. Let X = Cay(G, S) be a connected 1-transitive Cayley graph of valency 5 on a non-abelian simple group G and let
A = Aut(X). Assume that |A : G| = 20 and X is not normal. Then A has a normal subgroup of index 2.
Proof. Since X = Cay(G, S) has valency 5, S contains an involution, say s. Note that G is identified with its right regular
representation. Then each element in G is viewed as an automorphism of X by right multiplication on G. Thus, s (as an
automorphism of X) interchanges the arcs (1, s) and (s, 1) in X . Let A1s = A1 ∩ As. Then As1s = As1 ∩ Ass = As ∩ A1 = A1s, that
is, s normalizes A1s. The arc-transitivity of X implies that |A1 : A1s| = 5. Since A = A1G, one has |A1| = |A : G| = 20. Thus,
A1s is a Sylow 2-subgroup of A1, which has order 4.
By Corollary 4.2, we have A1 ∼= D20. The centralizer Z(A1) of A1 has order 2 and A1s ∼= Z2 × Z2. Let Z(A1) = 〈a〉.
The normality of Z(A1) in A1 implies that Z(A1) is a subgroup of every Sylow 2-subgroup of A1. In particular, Z(A1) ≤ A1s.
Clearly, As ≤ 〈A1, s〉. By Lemma 2.7, 〈A1, s〉 is edge-transitive on X . Since s interchanges the arcs (1, s) and (s, 1), 〈A1, s〉
is arc-transitive and so vertex-transitive on X . By Frattini-argument, A = A1〈A1, s〉 = 〈A1, s〉. Suppose as = a. Then
Z(A1) C 〈A1, s〉 = A, implying that Z(A1) = 1, a contradiction. Thus, as 6= a and since A1s ∼= Z2 × Z2 and As1s = A1s,
one has A1s = 〈a〉 × 〈as〉.
Let O be the set of right cosets of G in A and consider the transitive action of A on O by right multiplication. The kernel of
the action is GA, the largest normal subgroup of A contained in G. Since G is a non-abelian simple group, GA = 1 or G. For the
latter, G C A, contrary to the hypothesis that X is not normal. Thus, GA = 1 and the action of A on O is faithful, which implies
that A ≤ S20 because |O| = |A : G| = 20.
Since A = GA1 and G∩A1 = 1, A1 is regular on O and so A1s is semiregular on O. Let∆ = {∆1,∆2,∆3,∆4,∆5} be the set
of the orbits of A1s. Then |∆j| = 4 for 1 ≤ j ≤ 5. Since s normalize A1s, s induces an action on∆. Assume that s fixes a point in
∆, say∆i. Consider the constituent A
∆i
1s . If s
∆i ∈ A∆i1s then (as)∆i = a∆i because A1s is abelian. By the semiregularity of A1s, one
has as = a, a contradiction. Thus, s∆i 6∈ A∆i1s . Since s normalize A1s, |〈s∆i , A∆i1s 〉| = 8 and since |∆i| = 4, 〈s∆i , A∆i1s 〉 is a Sylow
2-subgroup of S∆i , the symmetric group on∆i. Thus, 〈s∆i , A∆i1s 〉 contains four odd permutations on∆i. The semiregularity of
A1s implies that each element in A
∆i
1s is an even permutation on∆i, forcing that s
∆i is an odd permutation on∆i. Thus, s∆i is
a 2-cycle. Since s has order 2, by Burnside lemma s has 1, 3 or 5 fixed-points in∆. If s has 1 fixed-point, say∆1, then wemay
assume that s interchanges∆2 and∆3, and∆4 and∆5. Since |∆j| = 4 for 2 ≤ j ≤ 5, s is a product of nine 2-cycles on O and
so an odd permutation. Similarly, if s has 3 or 5 fixed-points in∆ then it is a product of seven or five 2-cycles, respectively.
Thus, s is always an odd permutation on O, implying that all even permutations of A on O consist of a normal subgroup of
index 2. 
The following theorem is the main result of this section.
Theorem 5.4. Let X = Cay(G, S) be a connected 1-transitive Cayley graph of valency 5 on a non-abelian simple group G. Then
Aut(X) = G o Aut(G, S).
Proof. Let A = Aut(X). Then A = GA1. By Corollary 4.2, A1 ∼= Z5, D10 or D20. For A1 ∼= Z5, Lemma 5.1 implies that G C A,
that is, X is normal and by Proposition 2.5, Aut(X) = G o Aut(G, S), as required. Thus, assume that A1 ∼= D10 or D20 in the
remainder of the proof. Suppose on the contrary that A 6= GoAut(G, S), that is, X is not normal. We consider the three cases
(1), (2) and (3) in Proposition 2.6, whereM is replaced by A.
Case (1). A is almost simple, and soc(A) contains G as a proper subgroup and is transitive on V (X).
In this case, G and soc(A) are non-abelian simple groups and G < soc(A). Let S = soc(A). Since A1 ∼= D10 or D20 and
A = GA1, we have |A : G| = 10 or 20. Thus, |S : G| = 2, 4, 5, 10 or 20 because G < S. By Lemma 5.1, if |S : G| = 2, 4, 5
then G is normal in S, contrary to the simplicity of S. Thus, |S : G| = 10 or 20. By Lemma 5.2(2), S ∼= An and G ∼= An−1 where
n = 10 or 20. Since A = GA1, S = S ∩ A = S ∩ (GA1) = GS1, where S1 is the stabilizer of 1 in S. This implies that G has a
complement in S and by Lemma 5.2(1), n 6= 10, and so |S : G| = 20, which forces that S = A because |S : G| ≤ |A : G| ≤ 20.
Thus, A ∼= A20 and G ∼= A19. However, Lemma 5.3 implies that A ∼= A20 has a normal subgroup of index 2, a contradiction.
Case (2). G o Inn(G) ≤ A = (G o Aut(G, S)) · 2 and S is a self-inverse union of G-conjugacy classes.
Take s ∈ S. Then |sG||CG(s)| = |G|, where CG(s) is the centralizer of s in G. By the hypothesis, sG ⊆ S and since |S| = 5,
the index of the subgroup CG(s) in G is at most 5. Since G is a non-abelian simple group, G ∼= A5. But, A5 has no conjugacy
class of length at most 5 except {1}, a contradiction.
Case (3). A is not quasiprimitive and there is a maximal intransitive normal subgroup K of A such that one of the following
holds:
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(a) A/K is almost simple, soc(A/K) contains GK/K ∼= G and is transitive on V (XK );
(b) A/K = AGL3(2), G = PSL(2, 7) and XK ∼= K8;
(c) soc(A/K) ∼= T × T , and GK/K ∼= G is a diagonal subgroup of soc(A/K), where T and G are given in Table 1 in [9].
Clearly, (b) cannot hold because the quotient graphXK has valency 5. If (c) holds then |A| ≥ |T |2 ≥ |G|2 becauseGK/K ∼= G
is a diagonal subgroup of soc(A/K) ∼= T × T . Since |A| = |A1| · |G|, |A1| ≥ |G|, contrary to the fact that |A1| = 10 or 20.
Let (a) hold. Since A is not quasiprimitive, |K | 6= 1 and since GK/K ∼= G, one has K ∩ G = 1. Thus, |GK | = |G||K |. Since
A ≥ GK and |A : G| = 10 or 20, one has |K | = 2, 4, 5, 10, or 20. If K is abelian then Aut(K) is solvable. If K is dihedral then
|K | = 10 or 20. Then Aut(K) is solvable because Aut(D2n) ∼= ZnoAut(Zn) for n > 2. Let K be non-abelian and non-dihedral.
Then K ∼= F20 or Q20, which are defined in Eq. (1). Clearly, K can be generated by two elements, of which one has order 5
and the other has order 4. Further, K has a unique Sylow 5-subgroup and five Sylow 4-subgroups, which implies that K has
4 elements of order 5 and 10 elements of order 4. It follows that Aut(K) has at most 40 elements and so Aut(K) is solvable.
Wenowclaim thatGK = G×K andG is characteristic inGK . Let CGK (K) be the centralizer ofK inGK . SupposeG 6≤ CGK (K).
SinceG∩CGK (K) C G, the simplicity ofG implies thatG∩CGK (K) = 1. Since Aut(K) is solvable, by Proposition 2.2,GK/CGK (K)
is solvable, which is impossible because G ∼= GCGK (K)/CGK (K) ≤ GK/CGK (K). Thus, G ≤ CGK (K), forcing GK = G × K . Let
α ∈ Aut(GK). If Gα 6= G then G ∩ Gα = 1. Thus, |A| ≥ |G|2 and since A = A1G, |A1| ≥ |G|. Clearly, this is impossible. Thus,
G = Gα , that is, G is characteristic in GK , as claimed.
Note that soc(A/K) is a non-abelian simple group. If soc(A/K) = GK/K then GK C A. Since G is characteristic in GK ,
G is normal in A, a contradiction. Now assume soc(A/K) > GK/K and set soc(A/K) = S/K . Then A ≥ S > GK . Thus,
|S : GK | = 2, 4, 5 or 10 because |A : G| = 10 or 20 and |K | 6= 1. If |S : GK | ≤ 5 then |soc(A/K) : GK/K | ≤ 5. By Lemma 5.1,
GK/K C soc(A/K), contrary to the simplicity of soc(A/K). It follows that |S : GK | = 10. Then S = A and |K | = 2. Thus,
|A : G| = 20 and |A/K : GK/K | = 10. By Lemma 5.2(2), A/K ∼= A10 and G ∼= GK/K ∼= A9, and by Lemma 5.3, A has a normal
subgroup of index 2, say B. If K ≤ B then B/K is a normal subgroup of A/K , contrary to the simplicity of A/K . Thus, K 6≤ B
and since |K | = 2, A = B×K . Thus, B ∼= A/K ∼= A10. If G 6≤ B then A = BG, forcing that B∩G is a nontrivial normal subgroup
of G, a contradiction. Thus, G ≤ B and by Frattini-argument, B = B1G where B1 is the stabilizer of 1 ∈ V (X) in B. By the
regularity of G on V (X), B1 ∩ G = 1, that is, G ∼= A9 has a complement in B ∼= A10, contrary to Lemma 5.2(1). 
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